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\ ASSTRACT
/
“Forecasts of ARIMA processes are generally mde using the Difference

Equaticn form. This is the approach favoured by Bux and Jenxins and most

[

subsequent authors. The purpose of this note is to emphasiss that* the
Integrated Form of the forecast enjoys some important advantages derived from

its explicit use of the Zventual Ferecas*® Function (EFF). A briefl review of
id

the procedures for cobvaining all the necessary components of *tne Integrated

Form is given, and & new and direct method Is derived for evaluating the extra

ccefficients necessary when the =TT deces not yield the foreczsts forv

all la=d
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In their bcok, Box and Jenkins (1970) strongly reccmmend that forecasts

of ARIMA processes be made using the Difference Equation form tecause it is

Pandi gl TRFIN

the simplest aprrosch. All subsequent textbcoks have endecrsed this view o

)
3

the extent that very few of them consider forecasting in the Intsgrazed Forn
in any detail. A notable exception to this is the recent bcok by aAbranan and
Ledoltar (1982) which contains some useful detailed discussion of the rzle of
the Eventual Forecast Function (EFF) in generating forecasts. The purpcse of

this note is to indicate that the Integrated Form does rave value and is worthy

of ccnsicderaticn. We begin with a briefl reviews cf the derivation <f the

¢ the forecast.

O

necessary compcnents for this form
3
THI INTZISRATEID FCRM OF THE FOEECAST

Suprpose {Xt is an ARIMA process satistying ai3)4X, = £(Z.s

s
where B is the Backshift Jperator which is defined by 27K, = X, ., and
v v=Z.
4 X 3 X
N - S - N a .
where a(B) = [ o35, 8(3) = | 83", ay = By = 1 and ail seascnel and
x=0 x=0
difference terms are included in the a- and 3- cgerators. Tcr lead <imes
I
"
T>q, : abit(T-k) = Q0 , where Kt i) is the foreecas: mane 1% *time ¢ of
£=0
£ ,; and takes the value X, . 17 1 < C . The soluticn of this difference
- LA -
equation is *the ZF¥. It can 22 writtien as
o)
o ® t
Ty = ) 50T (1)
5 xay L%
wnere £, {T) are deterministic functicns of 7 and my include pelymenmials,
4
exgonentials, sinusoids and zroducts cof these. They my also te Zummy
variables zenerating a seascnal rattern.
A3 a rerresentation cf the T-step ahead feorecast (1) atosve is valid for
cnly T >M =g~z . I8 N3, then Tor lead timas T o= 1,0, 0
- LN Jilaal
- I - .:
Xt(T) = . b0 AT) v da e, 23
"=l .o $20) v v d
K J




where {et} is the sequence of cne-step ahead forecast errors, i.s.

l) L]

e, = Xt - Xt—l(

. EEEEER s ¢ -4 2t Y W

. . ; - PR A A t
; Box and Jenkins (197C) show that the current value of b = k:l,bj,...b“)'
~ F4
: may be cbtained from b via a linear equation b, = Lb +he, . The
; —t-1 =t =t-1 =t
. matrix L effects the changes in the coefficients in revising the time crigin

from (t-1) to t , and can be obtained as L wrere F,, ic the (oxp)

natrix witn (i,j)th element fJ(M+1) . The vector h = F "4, , wher:
= | . ! ' $ o ) PPIAT An - I
I Gy = (¢M*l’¢ﬂ+2’°"’¢m+p) and v, is the coefficient of 3 in

¢vi{3) = B(B)/a(3) , the usual moving-average reprasentaticn of sihe ARINA

] process.
i We may note that tie revision matrizx L is block diagenal. Each blosk
3 corresponds 10 2 real (repea*ted) linear factor or conjugate tairs of complex

factors In aiB) . The effect of this siructure is that individual componerntis
can be monitored, revised and projected independently of the otners.
example, any iinear trend and seascrnal factcrs can te cbtained at each time ¢t
given only their wvalues at time {t-1) and the latect forecast error e, .
Details of the derivaticn of ine revisiocn equations for the linsar trend and
farenced ARINMA rmodel forecasts are given in llcKenzie (1984b).
Trey can te ceovained wizhout lirset evalusticn and inversion of the matrix F, .

[

enerave not merely individual corpenents of the T

> 0, it is recessary o cbtain {d, g 2 1= Col,ee e ,M=T 5 T = 1,2,..4,M) &
-2
Tris problem Is referred <o only Tri:fly Uy Zox and Jonkins and appears to e
a mess3y grotiam Iin algebra. owever, we rrasent herz a general solution relat-
ing toe d-co2fliclents to the parameters a. wind F, of the medel,
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The derivation of this result is given in an Appendix at the end of the paper.

There it is shown that dT ; = (j =1,2,00. ,M-T ; T = 1,2,...,M).
’

dT+l,j-l ’
Thus, it is necessary to obtain only {dT 0" T=1,2,...,M}, and these are
b

easily derived from the following matrix equation. ’
[ a a A - T '@ )
p p-1 'p-2 1,00 . (el (32)
ap ap—l oae d2,0 Bp+2
" 3,00 %3
0 " . .
- ” ‘qO
- ap/‘ \d)'I’OA -’hq -

Tre triangular nature cof these equations evidently makes then particularly easy
to solve. This is especially true when we note that M =q - p 1is very raraiy
large.

Box and Jenkins give some non-seascnal examples in their book and a s=a-
sonal one is given in lcKenzle (1984a) expressing the well-known airline model
forecasts in current level, gradient and seasonal factor form. ‘je give one
other brief example hers to illustrate the evaiuation of the d-coefficients.

Consicder

New, M=qgq-p=4-~-2=2,. Thus,

- -
> <(1+¢)7[d, 4 o)
i ,Q l = l
'O Q ‘I\ ":
L - L 2,0 _l
. , , .2
i.e. d = - 5/¢ and 4, . = = £{l+s) 2,
12 ,O VA aad ul,\)
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{ii) Forecast Equation

> t t
= ? 1 )
Xt(k) bO + xbl k»1 (5)

. . . . t

There is a fixed computaticnal investment in generating b, = (bo
before any forecast can be cbtained. Cnce this is achieved, however,
forecasts for any lead times are easily derived using eguation (5). All the

storage requirements relate to the revision equations (4), and here involve

bt-l’ hl’ h2 and e,

&

For the Difference Zguation form, the forecasis are generaziled dirsctl

At(l)

.
]
-
-
N
+
€
-
)

X (%) = 2% _(x-1) - Xt(k-2) £2 3 (7)

n

‘lote that there are no revision equations which do not generate forecast
, *t is clear that the forecasts of lead times k=1,2 and 3 play a rcle

in equaticns (%) and (7) similar to that of b, in equations (4) and (5).

t
Ancther important point here is that to obtain forecasts for any lead tinme

enerate the forezasts for all shorter lead

[
ct

using (&) and (7) we must firs

times.
Tc illustirzte the differences between the two approaches we consider sore

simple forecasting scerarics. Suppese we wish to forecast for lead times k =

[

,2,¢00,7. The computational requirements are clearly zomparable. The
orm raquires less storage to generahte the forecasts, bui th

B

revision equations necessitate a little more aritimetic trhan the use of (o)

and (7). CSuppose now that the lead times of interes®t are not conszcutive.

ICr exXalTle

R .‘\,,:, e e T T T T
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On the other hand, there I1s a most important advantage ernjcyed by uhe
Integrated form. It lies in the area of interpre%aticn. This is an asgect of
forecasting which should not bte underestimated. ‘e may recall Starm's
comments (1974) that menagers who require forecasts may te preparad
trends and seascnal eftf'ects because these correspend to familiar ideas. This

view is merely cne cf marny such cris de cceur still heard by forscasters. The

true value of a forecast is not invested solely in accuracy dut also in

its creditility. The former can be assessed only after the event lorecast,
whereas the latter will determine wheither the forecast is used a2t all, The

.z of time-series as ARINMA processes Is new 2 common practice, thanks

modellin

o the availatility of 3 variety of cowerful computer packages. llevartl

major hurdle for mo3t users 1s 3still tnhe practical interpretation of zhe

The reascn that the Integrated form enjoys an advantage here Is ithat i-
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T, the functicns are mown exactly, but their coeflicients In *he lin:zar
2ombinaticn adapt with e2ach new observaticn., Thus, in the ARINGD,Z2,20
examzle, *he EZFF i given 7r equaticn %), The deterministic functions are
£,07)=1 and £,{T)=T7, Their ccellicients, the compcrents c<f b, , are revised
- — vl
with eash new crtservation via equatizns (L), The new cbservaticns allow *he

wnile rreservinz the basic structure of the IFF,

Mo [ - Y - 2 + oy Y - 3 3 - 2

This 3irizture I3 mest Imrertant tecause the individual deterministic -
& . < -~ < = honl oo A o . 2 2

functicne wnhicn aprear in the IZFF can cften e adlily iInterpret2l in ‘*erms e
- - -
o
S 1 -~ - ~ - na .- T - - "o
of Tanmiliar ccne2pts such 213 trends, Jrewih and ceasconali<y. It Is ..
: J

3 ..
ot a b

B 1 e P a Y 2 [ P - aa a -
Syst2ms such as Holt-wintersc or Zxtenential Imeothing 4o mouael the forecast as RS
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revision equations yield current values for the non-seasonal compcnent b

t .t P A 1 t . o
(bo’bl)’ and the sezsonal component S = (91,52,...,812). These cCmperents

have useful and readily understocd iInterpretations. In the non-seascnzl

bde

t t .. it
cormrcnent, bo s the current level of the process, and b{ trne current gradient

of the linear irend, i.e. the predicted rate of change in level per menth, In

he seascnal component, Sk is the additive seascnal factor fcr month (t+x). It
predicts the amount by which the data will deviate from the process level X

menths frem row (time t).

follew a path similar in shape to thet of the level, though with a different

vertical scale. In January 1928, witnh 2 data value of 25, we find the current
ievel is «1.8 and the zZra J.207. Thus, in this month, the ncn-sesscnal

~

conpenent of the forecast for T monihs anead is
Clearly, 2s the deta evclved, this precved o te optimistiic, as the trend during

b

the rext two years agprears o0 te downwaris. This is reflectied in the January

1970 gradient 0,027, whicn is smaller, but still positive. From equation {8},
we can see tnat the cradient adacts cnly slowly with each rnew ohservation. In

2 s - ~m N 2 ‘ YA MY o Tt i~
in the zroceses T months ahlead is (59.7 + C,2267). As Zxnibit 1 clearly shows,

e . 3 Y - - - - h 3 -~ - T -
tnis would nave teen a very poor long tarm sredicticn Hewen o¥ January
1 am t s s s e gy s . ;
1975, the predicted ftrend I1s (4l.2 - C.0817), This, in the event, may te &

little pessimistic. It is impor%tant to note that not cnly have we been able 1o
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First, it need not be, as is often supposed, computationally inferior to
the Difference Equation approach. Secondly, it offers, via the
considerable advantages for interpretation of the forecast. In beth cases, the

Py

argument is illustrated with an example.
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Exhibit 1. US House sales, Jan 68-Dec 75.
Solid line:Data; Dotted line:Current Level bqt
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Exhibit 2. US House sales: residual seasonal pattern
after removal of Current Level by'
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